Abstract. The Alperin weight conjecture states that if G is a finite group and p is a prime, then the number of irreducible Brauer characters of a group G should be equal to the number of conjugacy classes of p-weights of G. This conjecture is known to be true for the symmetric group Sn, however there is no explicit bijection given between the two sets. In this paper we develop an explicit bijection between the p-weights of Sn and a certain set of partitions that is known to have the same cardinality as the irreducible Brauer characters of Sn. We also develop some properties of this bijection, especially in relation to a certain class of partitions whose corresponding Specht modules over fields of characteristic p are known to be irreducible.
Introduction
Suppose G is a finite group and p is a prime number. A weight of G is a pair (P, ϕ), where P is a p-subgroup of G and ϕ ∈ Irr(N G (P )/P ) is such that ϕ(1) p = |N G (P )/P | p . Of course, G acts on the set of weights of G by conjugation. The Alperin weight conjecture suggests that the number of (conjugacy classes of) weights of G is equal to the number of irreducible Brauer characters of G.
The Alperin weight conjecture is known to be true for several classes of groups, including symmetric groups, solvable groups, and general linear groups (see [1] and [4] ). However, there is usually not an explicit bijection given between the two sets. In this paper we work towards constructing an explicit bijection for the Alperin weight conjecture for the symmetric groups. The ideal result would be to construct an explicit bijection between the set of irreducible Brauer characters (which are indexed in a natural way by the p-regular partitions of n) and the weights of S n . While we are not yet able to accomplish this, we do construct an explicit bijection between a set Γ 0 (n) of partitions of n and the weights of S n , where Γ 0 (n) is known to have the same cardinality as the p-regular partitions of n. More specifically, we construct this bijection "one block at a time" by giving an explicit bijection between the set Γ 0 (n, B) of partitions in Γ 0 (n) belonging to the block B of S n and the weights of S n corresponding to the block B.
We accomplish this by essentially doing some careful bookkeeping on the original argument of Alperin and Fong that proved the Alperin weight conjecture for symmetric groups [1] . To do this will first discuss the core tower in the next section and define the set Γ 0 (n, B) in terms of the core towers. In section three we will construct the bijection from Γ 0 (n, B) to weights, and in the final section we will develop properties of the bijection and pose some related open questions.
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2. Core towers and the set Γ 0 (n, B)
We briefly review the notion of the abacus corresponding to a given partition λ (For a more detailed discussion, see [5] ). Throughout p is a fixed prime. If λ is a partition of n with m non-increasing parts λ i , and r ≥ m, then the β-numbers {β 1 , · · · , β r } are defined by β i = λ i − i + r, where of course λ i = 0 if i > m. The abacus display for λ consists of vertical "runners" labeled 0 to p − 1, with the positions on row j of the abacus labeled by (j − 1)p to jp − 1. For each β-number β i , a bead is placed at position β i to obtain the abacus display of λ with r beads.
It can easily be shown that removing a p-hook of length kp from λ is equivalent to moving a bead up k places on one of the runners of the abacus. Thus the core λ ∅ of λ is constructed by moving all of the beads up as far as possible on the abacus display of λ. Since Nakayama's conjecture shows that the ordinary irreducible characters ω λ and ω µ (corresponding to the partitions λ and µ of n) of S n are in the same p-block of S n if and only if λ and µ have the same core, then we see that the p-blocks of S n are indexed by p-cores. If the partition λ n is such that λ ∅ n − wp, we say that w is the weight of λ, and we note that all partitions in the same block have the same weight, and thus we may also say w is the weight of B.
Note that increasing r does not change the partition λ, and thus we may always choose r so that, for each 1 ≤ i ≤ p − 1, the number of beads on runner 0 of the abacus display of λ with r beads is less than or equal to the number of beads on runner i of the abacus display. We say such an abacus display for λ is zero-justified. Note that if an abacus display for λ is zero-justified, then the value of r is unique mod p. The quotient of λ is given by a sequence of partitions λ (0) , . . . , λ (p−1) , where, for 0 ≤ i ≤ p − 1, λ (i) is the partition defined by the configuration of the beads on runner i. If B has weight w, it can be easily shown that
and thus that the number of ordinary irreducible characters in B is given by
where the sum is over all sequences w 0 , . . . w p−1 of non-negative integers such that w 0 + · · · + w p−1 = w and p(w i ) is by definition the number of partitions of w i . We now define the set Γ 0 (n, B):
Definition 2.1. Let λ be a partition of n such that the ordinary irreducible character ω λ belongs to the block B of S n , and assume the number of beads r is chosen so that the abacus display of λ is zero-justified. Then we say that λ ∈ Γ 0 (n, B) if λ (0) is the empty partition.
Lemma 2.2. Suppose B is a block of the symmetric group S n of weight w. Then both |Γ 0 (n, B)| and |IBr p (B)| are equal to
where the sum is over all sequences
Proof. It follows immediately from the definition that |Γ 0 (n, B)| is equal to the above sum. The fact that |IBr p (B)| is equal to the above sum is Theorem 6.2.2 of [5] .
Recall that a partition is said to be p-regular if, for each positive integer l, we have |{i|λ i = l}| < p. It is known that the irreducible Brauer characters in B are indexed by the p-regular partitions of n in B, and thus the above lemma implies that |Γ 0 (n, B)| is equal to the number of p-regular partitions in B. However, there does not yet appear to be an explicit bijection between these two sets. In the next section we will construct a bijection between Γ 0 (n, B) and the weights of S n that are associated to B, and thus the only obstruction to creating an explicit bijection between the p-regular partitions in B and the weights of B is a "combinatorial" obstruction.
We now briefly review the core tower of a partition λ. A more detailed discussion may be found in [1] and [3] . Let I = {0, . . . , p − 1} and let I k be the Cartesian product of k copies of I, and denote the elements of I k by (i 1 , i 2 , . . . , i k ) = i. For a partition λ and 0 ≤ i 1 ≤ p − 1, let λ ∅ be the core of λ and let λ (i 1 ) be the core of the quotient λ (i 1 ) . We now iterate this process: for 0 ≤ i 2 ≤ p − 1, let λ (i 1 ,i 2 ) be the i 2 quotient of λ (i 1 ) and let λ (i 1 ,i 2 ) be the core of λ (i 1 ,i 2 ) . Continuing in this manner, we define the core tower of λ, which is the function c λ :
given by c λ (i) = λ i . It is clear that the p-core and the p-core tower of λ uniquely determines λ. Moreover, it can easily be shown (see [3] , page 155) that if, for each integer k ≥ 1, we set
where the sum is over all sequences in I k , then
If we define I 1 = {1, 2, . . . , p − 1} and I k = I k−1 × I, then we see that the set Γ 0 (n, B) consists of precisely the partitions of n belonging to the block B such that the core tower function of λ is supported on
3. Zero sequences and the bijection from Γ 0 (n, B) to weights
As mentioned before, our bijection is really just some careful bookkeeping applied to the original argument of Alperin and Fong in [1] , and the bookkeeping is based on the core tower of λ. We will show that the set Γ 0 (n, B) is the "natural" preimage of the set of weights of S n associated to B via Alperin and Fong's argument. The construction of the weights below is not new, but the definition of the set Γ 0 (n, B) and the correspondence between Γ 0 (n, B) and the weights via the zero sequences (defined below) is new.
We begin by summarizing some of the results of [1] . Recall that a psubgroup P of a finite group G is p-radical if N G (P )/P has no nontrivial normal p-subgroup. If (P, ϕ) is a weight of S n , then P must be a p-radical subgroup of S n . If Ω + is the set of points of {1, 2, . . . , n} moved by P and Ω − is the subset of points fixed by P , then
and thus N Sn (P )/P ∼ = Sym(Ω − ) × N Sym(Ω + ) (P )/P. Thus any defect zero character ϕ of N Sn (P )/P can be written in the form ϕ = ϕ − × ϕ + , where ϕ − ∈ Irr(Sym(Ω − )) has defect zero and thus is the unique character in some p-block b − of Sym(Ω − ), and ϕ + is a defect zero character in some block b + of N Sym(Ω + ) (P )/P. The block b of N Sn (P ) containing ϕ corresponds to some block B of S n via the Brauer correspondence, and the core of B is the partition λ − of |Ω − | such that ω λ − = ϕ − .
Therefore suppose we are given a partition λ ∈ Γ 0 (n, B). Our first goal is to associate to λ a p-radical subgroup P = P λ of S n , and thus the core of λ determines the character ϕ − of Sym(Ω − ). Our second goal will be to show how the character ϕ + of N Sym(Ω + ) (P )/P is determined by the quotient of λ, and this will define a function from Γ 0 (n, B) to the weights of S n that belong to B. Finally, we will show this map is a bijection.
Let i = (i 1 , i 2 , . . . , i k ) ∈ I k , so that i 1 = 0. We say that i has length k. Definition 3.1. Let i ∈ I k , and suppose the nonzero terms of i are i 1 = i s 1 , i s 2 , . . . , i s l . We define the nonzero sequence d i of i by
For each nonzero term i s j of i, let z j be one plus the number of consecutive zeros immediately following i s j in i. We define the zero sequence z i of i by
Notice that the above definition implies that
For example, suppose p = 5 and i = (3, 4, 0, 0, 2, 0, 0, 0, 1, 2) ∈ I 10 , then d i = (3, 4, 2, 1, 2) and z i = (1, 3, 4, 1, 1) . Now suppose i ∈ I k has zero sequence z i = (z 1 , z 2 , . . . , z l ). Define the subgroup A i by where k = j z j and the sum is over all i ∈ I k such that z i = z. We say a zero sequence i ∈ I k is nonempty for λ if |λ i | = 0, and we say a sequence z is nonempty for λ if there is a nonempty sequence i for λ with zero sequence z. We define
where the (direct) product is over all nonempty sequences i for λ. Note that the degree of A i is p z 1 +z 2 +...+z l = p k , and thus the degree of P λ is
where the first sum is over all possible zero sequences z, by the results in the previous section. Alperin and Fong (see [1] , page 7) describe the normalizer of the subgroup that we have called P λ , and we will need that characterization. Again, letting Ω − denote the set of points in {1, 2, . . . , n} fixed by P λ and Ω + denote the set of points not fixed by P λ , it is shown that
where the product is over all nonempty zero sequences z for λ. We now define ϕ − ∈ Irr(Sym(Ω − )) by ϕ − = ω λ ∅ , and thus to define ϕ it remains to define a character ϕ + in Irr(N Sym(Ω + ) (P λ )/P λ ) that is defined by the core tower of λ.
We will denote by G λ the group
and note that N λ G λ . For any positive integer m, the group GL(m, p) has exactly p − 1 ordinary irreducible characters of defect zero, which can be obtained by multiplying the Steinberg character of GL(m, p) by the p − 1 linear characters of GL(m, p). Note that these characters have degree p m(m−1)/2 . Thus, for each m, we may fix an ordering δ 1 , δ 2 , · · · , δ p−1 of the defect zero characters of GL(m, p). We now define a specific character ω λ of N λ . For a partition λ, a positive integer k and a zero sequence z = (z 1 , . . . , z l ) with k = z 1 + · · · z l , define I k,λ,z = {i ∈ I k : λ i = ∅ and z i = z}.
Given i in I k,λ,z with nonzero sequence d i = (d 1 , . . . , d l ), let ω i be the irreducible character
Let T λ be the stabilizer of ω λ in G λ . Then
where the product is over all nonempty sequences i for λ. The character ω λ ∈ Irr(N λ ) extends to a character ω λ ∈ Irr(T λ ), and we define ψ λ ∈ Irr(T λ ) by
where ω λ i ∈ Irr(S |λ i | ) is the ordinary irreducible character defined by the partition λ i . By Clifford's theorem, we know that ψ λ induces irreducibly to a character ϕ + ∈ Irr(G λ ), and thus, finally, we define ϕ λ ∈ Irr(N Sn (P λ )/P λ ) by ϕ λ = ϕ − × ϕ + . To see that (P λ , ϕ λ ) is indeed a weight, notice that ω λ ∈ Irr(N λ ) has defect zero, and since each λ i is a p-core, then each ω λ i has defect zero, and thus ψ λ ∈ Irr(T λ ) has defect zero. Therefore ϕ + has defect zero. Since ϕ − = ω λ ∅ , then ϕ − has defect zero, and therefore ϕ λ = ϕ − × ϕ + has defect zero.
Thus we have a well-defined map Φ from Γ 0 (n, B) to the weights of S n associated to B. It remains to show that Φ is a bijection. Thus suppose that λ and µ are in Γ 0 (n, B) and are such that Φ(λ) = Φ(µ). Thus P λ ∼ = P µ , and thereforeĉ λ (z) =ĉ µ (z) for every sequence z, and thus N λ ∼ = N µ . Since ϕ λ = ϕ µ , then they agree on N λ = N µ , and therefore the Clifford correspondents ψ λ and ψ µ are equal. Thus for each sequence i, we have λ i = µ i . Note that since λ and µ are both in the block B, then they have the same core, and thus λ and µ have the same core and the same core tower. Therefore λ = µ.
We have two options for showing that Φ is surjective. Since we know the Alperin weight conjecture is true, and also |Γ 0 (n, B)| = |IBr p (B)|, then the fact that we have an injection between Γ 0 (n, B) and the weights of S n associated to B implies that the map is actually a bijection. However, we can easily show this directly without assuming the Alperin weight conjecture. Suppose that (P, ϕ) is a weight of S n associated to the block B. To construct a partition λ ∈ Γ 0 (n, B) such that Φ(λ) = (P, ϕ), again let Ω − be the set of points fixed by P and Ω + be the set of points not fixed by P . Then ϕ − is a defect zero character of Sym(Ω − ), and thus corresponds to the p-core of every partition in B. Now P is a radical subgroup of S n , and thus by the characterization of radical subgroups of S n in [1] , we see that
for some integersĉ(z), where the product is over all sequences z = (z 1 , z 2 , . . . , z l ).
The values ofĉ(z) determine the normal subgroup N of N Sym(Ω + ) (P )/P , and if we let ω ∈ Irr(N ) be a constituent of ϕ N , then the Clifford correspondent ψ for ϕ + lying over ω determines the λ i , and thus we have determined the core and the core tower for a partition λ ∈ Γ 0 (n, B) such that Φ(λ) = (P, ϕ).
Some properties of the bijection
Proof. Since the degree of the Steinberg character of GL(m, p) is precisely the p-part of |GL(m, p)|, then the degree of any constituent of (ϕ + ) N λ is |N λ | p . For each sequence i with zero sequence z = (z 1 , . . . , z l ), define
where the product is over all sequences i with zero sequence z. Note that N z ⊆ N λ . The orbit of the character
Moreover, since ω λ ∈ Irr(N λ ) extends to T λ and the Clifford correspondent for ϕ λ lying over ω λ is
and we are done.
As an application of the above formula, suppose that λ ∈ Γ 0 (n, B) is such that ω λ ∈ Irr(S n ) has height zero. From the results of [3] , we see that
is the p-adic expansion of n−|λ ∅ |, and thus for each sequence z we have that c λ (z) < p. Therefore the p part of the character degree of ϕ λ (1) is easily computed to be |N λ | p by Theorem 4.1. [2] proved a longstanding conjecture of James and Mathas regarding when the Specht module S λ of S n is irreducible over characteristic p. A certain combinatorial classification is given in terms of the hook lengths of the partition λ, though we will be more interested in the classification in terms of the abacus display. We adopt the notation and terminology of [2] , and we will call any partition that satisfies the conditions of Proposition 2.1 of [2] a Fayers partition. Recall that a partition λ is p-regular if no row of λ is repeated p or more times, and a partition λ is p-restricted if the conjugate of λ is p-regular. We have the following recursive definition, which is equivalent to the definition of an (e, p)-JM partition given in [2] by Proposition 2.1 of [2] . Thus, to determine if a partition λ is a Fayers partition, it is enough to know the core tower of λ. The following lemma is an easy consequence of that characterization. Lemma 4.3. Suppose that λ is a p-regular Fayers partition of n in the block B. Then λ ∈ Γ 0 (n, B).
Irreducible Specht modules. Recently Fayers
Proof. By condition (c) given above, we see that if λ is a Fayers partition, then runner j must have the shortest length and must come before any other runners of the same length. We may choose the number of beads on the abacus such that j = 0. Since λ is p-regular and all runners have length at least as long as runner 0, then condition (c) again implies that runner 0 has empty quotient. Thus λ ∈ Γ 0 (n, B).
Note that part (b) of the above definition implies that if λ is a Fayers partition in the block B, and if runner i is nonempty, then runner i is necessarily the runner with the most beads and must come after any runner with the same number of beads. (One can think of runner j as the "first shortest" runner and runner i as the "last longest" runner.) Combining this with part (e) of the above definition, we see that λ ∈ B is a p-regular Fayers' partition if and only if λ ∈ Γ 0 (n, B) and every quotient of λ is trivial, except for the "last longest" runner j, whose quotient is a p-regular Fayers partition. Thus we have the following characterization of the p-core tower for a p-regular Fayers partition λ. Proof. Notice that by Lemma 4.3, since λ is a p-regular Fayers partition, there is only one nonempty quotient, on runner i 1 . Note that i 1 = 0. Since this quotient is also a p-regular Fayers partition, then an abacus display for the quotient λ (i 1 ) can be chosen so that the only nonempty quotient is on runner i 2 , where i 2 is not zero. Continuing in this manner, we see that the only nonempty terms of the core tower are those corresponding to the sequences (i 1 , i 2 , . . . , i j ), proving part (a), part (c), and the "only if" direction in part (b). If the p-core λ i m corresponding to (i 1 , i 2 , . . . , i m ) is empty, then the corresponding quotient must be a p-regular Fayers partition with empty core, and thus it is not hard to see that this forces the quotient to be of the form (r), where p|r and thus all of the subsequent cores and quotients are empty, proving the remaining direction in part (b).
If λ ∈ Γ 0 (n, B) satisfies the conclusions of Lemma 4.4, we say that the core and core tower of λ form a core sequence. The following corollary, which describes the image of a p-regular Fayers partition λ under the map Φ, actually applies to any partition λ for which the core tower of λ is a core sequence.
Corollary 4.5. Suppose that λ is a p-regular Fayers partition of n. If (P, ϕ) is the corresponding weight under the map Φ, then there are integers l 1 , · · · , l k such that
and, if we let C be a cyclic group of order p − 1, then
and
Moreover, there are integers d 1 , d 2 , . . . , d k such that
and T λ = G λ . Finally, ϕ + is an extension of ω λ multiplied by ω λ (i 1 ) × ω λ (i 1 ,i 2 ) × · · · × ω λ (i 1 ,i 2 ,...,i k ) .
Proof. From Lemma 4.4 we see that if z is a zero sequence, then there is a nonempty term λ i (where i has zero sequence z) in the core tower for λ if and only if z is of the form (1, 1, . . . , 1), where the number of terms is at most k. In this case Lemma 4.4 again implies that there is exactly one sequence i that is nonempty for λ that has the zero sequence (1, 1, . . . , 1). Using the notation of Lemma 4.4 and the construction of the map Φ, if we let l j = |λ j |, then we are done.
Thus in the situation of Corollary 4.5, we see that N λ is the direct product of cyclic groups of order p−1, and therefore |N λ | p = 1. Since, for each integer j there is at most one sequence j ∈ I j that is nonempty for the p-regular Fayers partition λ, then using the notation of Section 4.1 we see that ĉ λ (z) |λ 1 i |, . . . , |λ k i | = 1, and thus we have proven the following: Theorem 4.6. Let λ be a p-regular Fayers partition of n in the block B, and suppose that (P, ϕ) is the corresponding weight. Then λ ∈ Γ 0 (n, B) and
where λ 0 = λ ∅ , λ 1 , . . . , λ k is the core sequence for λ.
Notice that the above argument applies to any partition λ ∈ Γ 0 (n, B) for which the core tower is actually a core sequence, not just those that are p-regular Fayers partitions.
